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Abstract: New illustration for  mixed mode fracture mechanics analysis of central cracked 

plates using crack extension technique and Matlab Environment is presented. The technique 

of crack extension is applied to the computation of mixed mode stress intensity factors in 

linear elastic fracture mechanics for these plates for different loads.  The  technique uses the 

Brown approximate solutions for stress intensity factors and the Westergaard analytical 

solutions for stress and displacement near a crack tip in finite plate to calculate crack 

extension during each load step using an  

proved to be  a good tool for computation and results illustration for mixed mode stress 

intensity factors. The results were illustrated in a new form which is convenient for engineers 

and fracture mechanics analyst. The developed procedure reduced the need for sophisticated 

numerical analyses, which require more time and effort, to calculate the same parameters 

tackled in this research.   

 

باستخدام ايضاح جديد لتحليل الطور المختلط لميكانيكية الكسر لصفائح متمركزة الشق 

 تقنية تمدد الشق والماتلاب

 
. أمين احمد نصارد  

جامعة البصرة –كلية الهندسة  –قسم الهندسة الميكانيكية   

 

رؤية جديددة لحلليدا الردوراللطحلم للييكييييدة اليصدر لصدتكرك محلرشد ة الخدا  كسدحطدام د نيدة دلدد  الخدا  ب د   الخلاصة:

دلد  املدكش  دد مطحلتدةت الح نيدة  لهده  الصدتكرك م للييكييليدة اليصدر الطريدة للصكب معكملات درشي  الاجهدك  للردور اللطدحل

وشهلك ملوش وسحرشكر  الحلليلية للاجهك  والازامكت  دكل رب مد   اسحطدم  ملوش  راون الح ريبية للعكملات درشي  الاجهك 

ة ال يك ةت  ريكمج مكدلاب  دور ملد ة الروش للصكب دلد  الخا خلاش شا خروة ملا  كسحطدام د ني راس الخا في صتيلة 

لهها الغرض واثب  ايه ا اة جيدة لللصك كت وعرض لنحكرج للكمعلات درشي  الاجهك  للرور اللطحلمت النحكرج عرضد   خديا 

الرري ة اللرورة د لا اللكجة الى  رق عد ية مع دة والحي دلحكج الى وق  وجهد  للهندسي  وملللي مييكيييية اليصرتمتيد ل

  لصوش على يتس النحكرج الحي عكلجهك هها البلثتاشثر لل
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1-Introduction 

      A diversity of techniques are 

currently available for calculating 

mixed mode stress intensity factors for 

linear elastic fracture mechanics 

problems. The main aim of these 

techniques is the ability to predict the 

size of crack which will propagate 

under a mixed loading in a given 

material, from measurement of the size 

of the crack under another loading 

condition in the same material, the 

relationship between these sizes is 

dependent on the conditions near the 

tip of the crack. Provided that such a 

region is small compared with the 

crack dimensions, a linear elastic stress 

field may be assumed around the crack 

tip. In these situations, the behavior of 

fracture is controlled by the magnitude 

of the stress intensity factors KI, KII. 

These are the coefficient of r
-1/2

 in the 

singular part of the expansion of the 

stress ahead of the crack as a function 

of r (the distance from the tip). 

Additionally, the stress intensity 

concept is important in terms of crack 

extension as critical values of the stress 

intensity factor (SIF) govern crack 

initiation[1]. The combined effect of 

modes I and II, under tensile and shear 

loading, presents difficulties in 

analysis. Such calculation may be 

carried out  using finite elements and 

boundary element methods [3,4], or 

recently mesh free methods [5] and 

extended finite element methods [6].  

For the modeling of crack extensions, 

the original crack length must be 

modified during the loading condition 

at each loading step. This requires 

calculating the displacement field near 

the crack tip at each load step and 

updating the crack length before the 

next load step is applied. This 

procedure is very difficult when using 

methods such as finite elements and 

boundary elements because this means 

updating the original mesh of the 

problem and this which demands time 

and effort consumption for the analyst.  

 This research presents a  matlab 

procedure for the analysis of mixed 

mode fracture analysis using the 

approximate and analytical solution for 

crack problems available in the 

literature  to compute and illustrate the 

stress intensity factors for  different  

crack length without the need for      

re-meshing or further calculations. The 

new illustration is shown in the way of 

presenting the results in 3 dimensional 

form for the relations between the 

displacement and stresses versus, crack 

angles, and crack tip radii.  
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2-Governing Equations 

  The  near crack tip  stress field 

equations for mixed mode stress 

intensity factors in infinite plate are 

given in reference [2] as follows: 
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The principal stresses can be calculated 

from the above components using 

Mohr circle formula given in 

Reference [7] as follows: 
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The displacement field for the same 

modes are also given as follows: 
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The Brown solution for KI stress 

intensity factor of finite plate under 

tension load for central cracked plate 

(Reference [6], Page 38)  , limited to 

half crack length to plate width ratio 

(a/W) = 0.6, is given in Reference [6] 

as follows: 

aCK I               …………..(4) 

Where the compliance function C is 

given as follows: 

32

2.12152.1256.01 



























W
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W

a

W
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C

 σ is the  applied tensile stress, a is  

half the crack length, and W is the  

plate width. 

 

The KII stress intensity factor is equal 

to 0.75 KI as stated in Reference[3]. 
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The elastic stress field in the vicinity of 

a crack tip, as given by equations (1), 

shows that as r tends to zero the 

stresses become infinite (i.e. stress 

singularity at the crack tip). Since 

many structural materials deform 

plastically above the yield stress, there 

will be in reality a plastic zone 

surrounding the crack tip, and the 

elastic solution for such situations, 

may require modification to some of 

the linear elastic fracture mechanics 

concepts. The two physically 

acceptable yield criteria for metals and 

alloys are the well-known Tresca and 

von Mises yield criteria. In this work 

the von Mises criterion will be 

considered which requires that the 

distortion energy per unit volume 

approaches its critical value. In simple 

tension this criterion can be expressed 

in terms of principal stresses  

as follows [7]: 

22

13

2

32

2

21 2)()()( Y 

                                           .....……..(5) 

where  Y is the yield stress of material 

in simple tension. 

 

The summation of the square terms in 

the above equation termed the  

equivalent stress (σe) which represents 

the strength of the plasticity near the 

crack tip and can be plotted in a 

contour form to show the boundary of 

the plastic zone surround the crack tip. 

 

3- Analysis Procedure  

The steps for the procedure of carrying 

out  the mixed mode fracture analysis 

are shown in Figure (1). A matlab 

program is written based upon the 

mentioned steps to carry out the 

analysis. To validate the procedure and 

the program a case study of central 

cracked plate with different crack 

angles and loading are chosen for this 

purpose and the results are shown in 

the next section. 

 

4- Results and Discussion  

An Aluminum plate of dimension 50 

mm x 20 mm and thickness 1 mm, 

with initial crack length of 6 mm, 

given in Reference [8], with modulus 

of elasticity 70 GN/m
2
, and possion's 

ratio 0.33 and Yield stress of 17.5 

MN/m
2
 is considered according to 

Reference [9], (yield stress for 

Aluminum is 15-20 MPa). 

The plate considered to demonstrate 

the analysis is a central cracked plate 

of width W and half crack length a. 

using the developed matlab program. 

The analysis starts by considering an 

a/W ratio of 0.1 and a 25 stress 

increments starting at a stress value 
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which just cause yielding. The results 

for this analysis are as follows: 

Figure (2) shows the behavior of the 

calculated stress intensity factors KI, 

KII for each load increment and crack 

length value. It is clear from Figure 

(2)-(b) and (c) that the KI, KII values 

increases nonlinearly with the increase  

of the load increment and the 

calculated crack length value. 

Figure (3) illustrate the behavior of 

displacements with the  crack angle 

and the crack tip radius for each stress 

increment starting with initial half 

crack length of 2. It is clear from this 

figure that the behavior of the 

displacements  is somehow periodic 

with both crack angle θ and crack tip 

radius r. Figures (4) and (5) presented 

the calculated Cartesian,  principal and 

equivalent stresses and the yield stress 

for each crack length. These figures are 

very important because they show the 

behavior of the calculated stresses  

especially  the equivalent stress with 

the given yield stress of the material 

which is an indication of the failure of 

the plate material. 

 Figure (6) shows the behavior of the 

calculated displacements for each 

crack angle and crack tip radius. This 

combined relation shows clearly the 

interaction between the crack angle 

and the crack tip radius for mixed 

mode fracture analysis. Figures (7) and 

(8) are the new illustration for the 

behavior of the Cartesian, the principal 

and the equivalent stresses for each 

crack angle and crack tip radius. It is 

clear that the behavior is not linear and 

the calculated values are behaving 

periodically with the increase of the 

crack angle and the crack tip radius. 

Finally, These figures are very 

important for designers since they 

described the behavior of the mixed 

mode fracture mechanics analysis in a 

new illustration which gives a clear 

picture for the relation between the 

different parameters presented in this 

research.   

 

5-Conclusions 

    From the above analysis, the 

following  conclusions can be drawn: 

1- The new illustration of results for 

mixed mode fracture analysis 

presented in this paper shown to be 

very convenient and essential for 

describing the behavior of stress 

intensity factors, and stress states at 

different  crack angle and crack tip 

radius. 

 2-  The developed procedure  reduced 

the need for  sophisticated numerical 

analyses such as finite elements or 
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boundary elements, which require 

more time and effort, to calculate the 

same parameters tackled in this 

research.  
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Fig. ( 1 ) Procedure  for mixed mode fracture analysis using  matlab. 

 

 

Input the required data such as  a, w, σo, E, ν, 

θ, y,  and N,                                                             

                       

Calculate the  KI, KII  values using equation (4) 

for the  given load and crack angle, 

Evaluate the Cartesian and principal stresses 

using equations (1) and (2)  and the 

displacements using equations (3),          

Calculate the  equivalent stress using equation 

(5), and compare it to the yield Y,  then print  

all the results, 

 Update the crack length by adding u to the 

original crack length and start again the whole 

calculation,                                                              

                    

 Repeat all the calculation by increasing the 

crack length until the equivalent stress equal or 

exceed the yield stress, then stop and record the 

crack length, load, and the crack extension.  
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Fig.(2) The behavior of  Stress intensity factors against applied           

load and crack length .                                                               

                                                      

                                                        

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.(3) The behavior of displacements for each crack angle and tip crack 

tip radius.                                                                                         
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Fig.(4) Relationship between Cartesian stress components and crack tip 

radius for each crack angle.                                                            

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.(5) Relationship between principal stresses and crack tip radius            

                      for  each crack angle.   
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Fig.(6) The calculated displacements for each crack angle and         

                           crack tip radius. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         Fig.(7) The calculated Cartesian stresses for each crack angle  

                     and crack tip radius. 
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Fig.(8) The calculated principal stresses and equivalent stress    

                  for each crack angle and crack tip radius. 
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